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Molecular dynamics simulations of diffusion of isolated tagged spheres in liquid crystalline
molecules have been carried out. While the diffusion is isotropic at density slightly below the
isotropic-nematic phase transition, it is found to become strongly anisotropic very close to the I-N
transition where the diffusion perpendicular to the direction of the order parameter g(D’) decouples
from the parallel (D i) component. The diffusion coefficient of the sphere also shows a marked
slowing down as the I-N transition approaches, in accordance with the mode coupling theory
analysis. The variation of the orientational order parameter with the density shows a sharp transition
at a reduced density, r IN* where plot of the ratio, D i /D’ against the reduced density, r* clearly
shows the emergence of anisotropy. D’ could be fitted to a form (rc*2r*)p with a rc* which is
slightly larger than r IN* . The diffusion shows a strong non-Stokesian dependence on the radius of the
spheres, in agreement with recent experiments.I. INTRODUCTION
The dynamics of the anisotropic molecules1 are consid-
erably more complicated than those of the spherical mol-
ecules because orientational correlations can have profound
effects on both translational and rotational motion of the
molecules. The simplest way to characterize the anisotropy
of the molecule is to model it as an ellipsoid. The anisotropy
in the molecular shape is then characterized by the aspect
ratio k, which is the ratio of the length of the major axis ~a!
to that of the minor axis ~b!, i.e., k5a/b . When k@1, i.e.,
when the molecule is rodlike, the system can undergo a
phase transition from nematic to the isotropic phase. This
phase transition is weakly of first order with many character-
istics similar to those observed near the critical point. The
orientational order parameter S of this transition can be de-
fined by2–5
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where u i is the angle of the ellipsoidal axis with the Z-axis of
an arbitrary space fixed frame. In the isotropic phase, the
value of the order parameter S is zero, whereas in the nem-
atic phase, where the ellipsoids are oriented nearly parallel to
each other, the order parameter is unity. Near the isotropic-
nematic ~I-N! phase transition, the order parameter S shows a
dynamic slowing down in the sense that the decay of the
time correlation function, ^S(0)S(t)& becomes very slow.
a!Author to whom correspondence should be addressed; electronic mail:
bbagchi@sscu.iisc.ernet.inHere S(t) is the instantaneous order parameter. This slowing
down has been attributed to the formation of correlated do-
mains, where the ellipsoidal or rodlike molecules are nearly
parallel. The understanding of the collective dynamics near
the I-N transition has been a subject of interest for a long
time.4
In recent years, several computer simulation studies have
been carried out in order to obtain an understanding of the
dynamics at the microscopic level. These simulations em-
ployed either a hard repulsive interaction potential6 or the
Lennard-Jones-like Gay–Berne potential and have been
successful7–11 in producing I-N phase transition with the
characteristics observed by the experiments, although the as-
pect ratio of the ellipsoids or the rods simulated were much
smaller than those usually found in the real world. For ex-
ample, one finds a good I-N transition for the prolates with
aspect ratio, k53. In Fig. 1, we show the simulated order
parameter variation with density. The transition occurs
sharply at r*50.315. The simulation studies have also found
that a power-law-like behavior in orientational relaxation oc-
curs near the I-N transition.8 Recent experimental studies by
Fayer and co-workers12 have revealed many fascinating as-
pects of short and intermediate time of the dynamics near the
I-N transition. This includes the observation of a power law
decay at intermediate times.13 Generalized hydrodynamic
equations have been used to understand these results with
some degree of success, especially in exploring long time
orientational dynamics in the isotropic phase. No fully satis-
factory explanation of the intermediate time power law de-
cay has yet been put forward, although work in this direction
is under progress.14
Recently experiments have been performed to study the
dynamics of tagged spheres in rigid colloidal hard rods.15 It
has been observed that in the limit of large volume fractions
of the hard rods, the diffusion of the tagged spheres depends
strongly on the size of the spheres.15 We also find a similar
result. The diffusion coefficient of the sphere show a non-
Stokesian dependence on the radius of the sphere. In this
work, molecular dynamics computer simulation of diffusion
of a few isolated tagged spheres in a liquid of prolate ellip-
soids with aspect ratio, k53, has been presented. This sys-
tem undergoes an I-N phase transition at a reduced density
r*50.315 with T*51.0, as shown in Fig. 1. The reason for
studying the diffusion of tagged spherical molecules in this
system is to explore the possibility of using this method to
study the dynamics of nematogens near the I-N transition.4
We have varied the size of the tagged spheres which has
revealed several interesting aspects. As the I-N transition is
approached, we find that the total diffusion coefficient of all
the spheres of different sizes decreases, but rather differently.
We also find that the diffusion coefficient becomes aniso-
tropic very close to the I-N transition region and is also de-
pendent on the size of the spheres.
The rest of the paper is organized as follows. In the next
section, we discuss the mode coupling theory approach, fol-
lowed by details about the systems studied, the interaction
potential used and also the simulation procedure. In Sec. IV,
we present the results and in Sec. V, we conclude with a brief
discussion.
II. MODE COUPLING THEORY OF TAGGED PARTICLE
DIFFUSION NEAR THE ISOTROPIC-NEMATIC
PHASE TRANSITION
Near the I-N transition, the collective orientational relax-
ation slows down dramatically. This should certainly affect
the translational diffusion of the tagged spheres. However,
we are not aware of any theoretical study of this translation-
rotation coupling. Here we present a theoretical study of this
effect by using the mode coupling theory.16,17 We start with
Einstein’s relation between diffusion ~D! and friction coeffi-
cient ~z! on the sphere
D5
kBT
z
. ~2!
We split friction z into a short time ~binary! and a collective
term
z5zbin1zrr , ~3!
where we have approximated the collective contribution by
the density mode. This should be okay as we treat the effects
of slow orientational density relaxation. zrr can be obtained
from Kirkwood’s formula
zrr5
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where V is the total volume of the system. The fluctuation
force F(t) is now obtained from the density functional
theory18bF~r,t !5„E dr8E dV8c~r2r8,V8!drN~r8,V8,t!,
~5!
where drN(r8,V8,t) is the fluctuation in the density of the
nematogens,
drN5rN2r¯ /4p , ~6!
where r¯ is the average number density of the nematogens,
c(r2r8,V8) is the two particle direct correlation function
between the tagged sphere at position r and the nematogen at
r8 with the orientation V8. We now split zrr further into two
terms:
zrr5zrr
N 1zrr
sing
, ~7!
where zrr
N is the normal part due to isotropic interaction be-
tween the sphere and the nematogens ~approximated here as
ellipsoids!. zrr
sing is the singular part due to I-N transition. zrr
sing
derives maximum contribution from coupling to the orienta-
tional order parameter, that is, to the Y 20(V(t)) component
of the nematogen density. In the subsequent steps we trans-
form the equations to the wave number k space, expand both
the direct correlation function and the density in spherical
harmonics, carry out the angular integrations to obtain
zrr
sing5AE dkk4c202 ~k !F20~k ,t !, ~8!
where c20 is the ~20! component of the wave number depen-
dent direct correlation function between the sphere and the
nematogen and A is a numerical constant. F20(k ,t) is the
orientational intermediate scattering function given by
F20~k ,t !5^dr20~2k,t50 !dr20~k,t !&, ~9!
with
dr~k,V,t !5( dr lm~k,t !Y lm~V~ t !!. ~10!
The decay of F20(k ,t) becomes very slow at small wave
numbers near the I-N transition. F20(k ,t) can be approxi-
mated by
F20~k ,t !5S220~k !expS 2 6DRtS220~k ! D , ~11!
where
S220~k !5F20~k ,t50 ![^dr20~2k!dr20~k!&. ~12!
Thus, the S220(k) is the orientational structure factor of
the nematogens. Near the I-N transition, S220(k) shows a
rapid growth at small k which can be represented as19
S220~k !.
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We assume that B goes to zero as (rc2r)p. Therefore, near
the transition,
S220.
k0
2
k2 . ~16!
Use of Eq. ~16! in Eq. ~8! shows that any singular contribu-
tion to zrr
sing must come from the rotational diffusion coeffi-
cient DR of the nematogens. DR is related to the rotational
friction zR by
DR5
kBT
zR
. ~17!
A similar mode coupling calculation is now performed to
obtain the following contribution to the singular part of ro-
tational friction:
zR
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0
‘
dtE
0
‘
dkk2c220
2 expS 2 DRtS220~k ! D , ~18!
}E
0
‘
dkk2c220
2 ~k !S220~k !/DR . ~19!
Since DR depends on zR
sing
, a self-consistent calculation
is required. Here we just carry out a one loop calculation to
obtain
zR
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0
‘
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zR
0 is the bare friction. Near the I-N transition, B.0, so the
singular contribution is non-negligible ~unlike the transla-
tional friction!. We rewrite the above equation as
zR
sing}
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0
B E0
‘
dk
~k2/B !k0
2
k0
21~k2/B !
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If B goes to zero as (rc2r)p, then the first loop calcu-
lation predicts a power law slow down of DR . This in turn
predicts that near the I-N transition, the translation diffusion
of a tagged sphere may have a power law dependence of the
following type:
DT}~rc2r!p, ~22!
where rc is a critical point where S220(k) diverges. This
point should lie beyond the I-N thermodynamic transition
point, r IN .19,20 Note that the above analysis is only qualita-
tive and the normal contributions can mask the singular con-
tribution. The main merit of the above analysis is that is
shows the slow down of translational diffusion due to slow
down in rotational diffusion as the I-N transition is ap-
proached. This is indeed a good example of translation-
rotation coupling, often discussed in literature. Another point
of interest is the size dependence of the tagged particle dif-
fusion. This enters through the sphere-nematogen coupling
constant c20(k) of Eq. ~8!.III. THE SYSEM AND THE SIMULATION DETAILS
We have carried out molecular dynamics simulations of
576 molecules consisting of 572 ellipsoids and 4 spheres
with constant number ~N!, volume ~V!, and energy ~E! being
the constraints. The ellipsoids are characterized by the aspect
ratio, k which is the ratio of the semimajor axis ~a! to the
semiminor axis ~b!.9
The system is modeled by three different kinds of inter-
actions. The ellipsoid–ellipsoid interaction is given by the
Gay–Berne potential,6,7 in which the orientation of the ellip-
soid is also taken into account. The interaction is given by
UGB54e~ rˆ , uˆ1 , uˆ2!F F s08
r2s~ rˆ , uˆ1 , uˆ2!1s08
G 12
2F s08
r2s~ rˆ , uˆ1 , uˆ2!1s08
G 6G , ~23!
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where
s0852b , ~25!
b is the length of the semi-minor axis of the ellipsoid and
x5
s i
22s’
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The orientation dependent strength parameter is
e~ rˆ , uˆ1 , uˆ2!5e0@12x2~ uˆ1 . uˆ2!#21/2
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x8 is used to adjust the ratio of side-by-side to end-to-end
well depths. k8 is the ratio of the potential well depths for the
side-by-side and end-to-end configurations. In our simula-
tion, the aspect ratio, k53 with k855, and hence, x850.382
which is related to k8 as
x85
Ak821
Ak811
. ~28!
The interaction between the spheres is given by the
Lennard-Jones potential
ULJ54e0F Fs0r G
12
2Fs0
r
G6G , ~29!
where s0 is the diameter of the sphere, r is the interparticle
distance, and e0 is the strength parameter.
The interaction between the spheres and ellipsoids is
modeled by the GB-LJ potential21 which is given as
UGB2LJ54e0F Fs~u!r G
12
2Fs~u!
r
G6G , ~30!
with
s~u!5
b1R
A12X2 cos2~u!
, ~31!
where u is the angle between the major axis of the ellipsoid
and the vector joining the centers of the spheres and the
ellipsoid and b is the length of the semi-minor axis of the
ellipsoid
R5
s0
2 , ~32!
and
X5Aa¯ 22b2
a¯ 21R2, ~33!
with
a¯5A~b21R2!S a1Rb1R D
2
2R2. ~34!
The potential has been cut and shifted to half the box-
length. The translational and the rotational equations of mo-
tions are solved by the leap frog algorithm22 with reduced
moment of inertia being unity I*5I/ms08
2
. All quantities are
scaled. The reduced density is r*5rs08
3 and temperature
T*5kBT/e0. All the calculations have been carried out with
a time step Dt50.002 and at a reduced temperature T*
51.0. The simulations have been carried out for three dif-
ferent sphere radii, 0.5, 1.0, 1.5, and several densities rang-
ing from 0.1 to 0.4.
The orientational order parameter S has been calculated
by diagonalizing Q,23 which is a traceless, symmetric second
rank tensor with three eigenvalues and is given by
Qab5
1
N (j51
N
u jau jb2
dab
3 , ~35!
FIG. 1. The variation of the orientational order parameter with the reduced
density, r* at a reduced temperature, T*51.0. The filled circles are the
simulated points. The solid line is for guidance to the eye.where u j is the unit vector along the axis of the jth molecule,
u ja and u jb being the Cartesian coordinates in an orthogonal
frame, a and b vary between 1 and 3. The order parameter is
then given by 32^l& where l is the largest eigenvalue of the
Q-matrix.
The order parameter23 can also be calculated by finding
the trace of the Q2 matrix as given below:
S5 32^Tr Q2&. ~36!
Both lead to the same value of S.
The anisotropic diffusion coefficients D i and D’ are cal-
culated by finding the parallel and perpendicular components
of mean square displacements. The parallel and the perpen-
dicular components of MSD are parallel and perpendicular to
the instantaneous orientational direction of the ellipsoids, re-
spectively. The unit vectors along the direction of average
orientation of ellipsoids are the eigenvectors corresponding
to the maximum eigenvalue obtained by diagonalizing the
time dependent Q-matrix.5 Note that there is no ambiguity in
finding the eigenvectors for the system with densities above
0.3 in a very long time limit.
IV. RESULTS AND DISCUSSION
In Fig. 1, we show the variation of the orientational or-
der parameter with the reduced density, r*. We see that, the
order parameter S remains nearly zero until r*50.3 and
there is a sharp rise in the order parameter at r*50.315 and
hence the transition is observed at r IN* 50.315. As the density
is further increased, the order parameter gradually increases
toward unity. The time correlation function of the order pa-
rameter shows a dramatic slowing down as the I-N transition
is approached from the isotropic side.8
The diffusion is expected to become anisotropic as the
nematic domains appear in the system. However, the local
order parameter of these domains varies. But, the direction of
these domains does not vary much on average over a long
FIG. 2. The plot of the ratio, D i /D’ , against the reduced density, r* at a
reduced temperature, T*51.0. The filled circles, open circles, and filled
triangles represent the simulated points for spheres of radii 0.5, 1.0, 1.5,
respectively. The dashed line gives the corresponding fitting to the simulated
points.
time. D i and D’ are defined parallel and perpendicular with
respect to the direction of alignment of these domains on an
average ~globally!. The direction of these domains is given
by the direction corresponding to the order parameter. In Fig.
2, we plot the ratio D i /D’ against density. It is observed that
the ratio remains near unity up to a certain density, r*50.3
and then increases differently for different sizes. We also
observe that the anisotropy is more clear for spheres of larger
size. It is observed that the ratio D i /D’ varies weakly with
the density only for smaller spheres of radius, 0.5.
FIG. 3. The variation of the parallel, D i and the perpendicular, D’ compo-
nents of diffusion coefficient with the reduced density, r* obtained from the
simulations at a reduced temperature, T*51.0 for the spheres of different
sizes. ~a! shows the result for spheres with radius 0.5s, ~b! represents that
for 1.0s, and ~c! for 1.5s. In all the figures, filled and open circles represent
D i and D’ , respectively. The error bars are within the radius of the circle.Figures 3~a!, 3~b!, and 3~c! show the variation of the
parallel and perpendicular components of the diffusion coef-
ficient explicitly for different sizes of the spheres, 0.5, 1.0,
and 1.5. Anisotropy is clearly seen to arise very close to the
region where the I-N transition occurs.
In Fig. 4, we plot the total diffusion coefficient against
density, r*. This decreases as I-N transition is approached
and becomes very small beyond r*’0.33. Above r*50.25,
the variation of the diffusion coefficient with density is
nearly linear in case of the spheres of radius 1.5. There is no
evidence of any dramatic slowing down of the total diffusion
coefficient.
Figure 5 shows the decay of D’ with density. From a
nonlinear curve fit ~solid line! of the form
y5y01Aur*2rc*up. ~37!
FIG. 4. The total isotropic diffusion coefficient is plotted against the re-
duced density, r* at a reduced temperature T*51.0 for different sizes of
spheres. Filled circles: radius50.5s, open circles: radius51.0s, and filled
triangles: radius51.5s. The dashed lines are fits to the simulated values.
FIG. 5. The plot if D’ against r* at the reduced temperature T*51.0. The
filled circles indicate the simulation result and the solid line shows the
nonlinear curve fit to the form y5y01(rc*2r*)p, with rc*50.327 and p
52.8.
The values of rc* and p are calculated which turn out to be
0.327 and 2.8, respectively. While not much significance can
be attached to the value of the exponent p ~due to neglect of
various factors, such as finite size effect! the value of rc* is
more trustworthy. The mode coupling theory predicts that
D’ varies as below
D’}~rc2r!p. ~38!
From the simulation, it is clear that the I-N phase tran-
sition takes place at a reduced density, r*50.315. However,
the nonlinear curve fit to the D’ versus r* shows that the
transition occurs at reduced density, r*50.327. This is in
agreement with the theoretical analyses19,20 which find that a
weakly first order I-N phase transition intervenes before the
divergence of the orientational structure factor, S220(k).
In Figs. 6~a! and 6~b!, the orientation of the ellipsoids
both at the surface of the sphere as well as away from the
sphere with respect to the nematic director has been exam-
ined at the reduced density, r*50.4, which is in the nematic
LC phase. Figure 6~a! shows the cosine of the angle made by
the individual ellipsoids @which are at the surface of the
sphere within a distance of 1.5s~u!# with the nematic direc-
tor. Figure 6~b! shows the angle made by the remaining el-
lipsoids with the nematic director which are away from the
FIG. 6. The cosine of the angle made by the ellipsoid with the nematic
director for different ellipsoids at the reduced density, r*50.4, temperature
T*51.0 and radius of the sphere being 1.0. ~a! shows the variation of cosine
of the angle for the ellipsoids at the surface of the sphere while ~b! shows
that for the ellipsoids which are away from the sphere.sphere. From Fig. 6~a!, it is clear that orientation of two
particles gets disturbed noticably but not significantly and on
an average, the nematic ordering is retained. In Fig. 6~b!, we
see that the orientation of the ellipsoids with respect to the
director does not change much. It is observed that on addi-
tion of spheres in the system, the LC order gets perturbed
only locally at the surface of the sphere.
The order parameter remains very close to zero at very
small densities indicating the isotropy in the system and the
orientation of the molecules in the system is random. The
nematic domains start appearing very close to the I-N tran-
sition region which leads to the anisotropy in the system. The
anisotropy of the diffusion coefficients of the ellipsoids near
the I-N transition or in nematic phase is well known.4,10,11
Here we observe the anisotropy in the diffusion coefficient of
the sphere which is clearly seen in Figs. 2, 3~a!, 3~b!, and
3~c! and this is strongly dependent on the size of the sphere.
The decoupling of the parallel and the perpendicular diffu-
sion coefficients can be clearly seen in Figs. 3~a!, 3~b! and
3~c! near the I-N transition. It is seen that this coupling of the
parallel and perpendicular components of the diffusion coef-
ficient depend on the size of the sphere because it occurs at
different densities for the spheres with different sizes. The
strong size dependence of diffusion shown in Figs. 3 and 4
are in tentative agreement with recent experimental results.15
V. CONCLUSION
While anisotropic diffusion of tagged ellipsoids in the
nematic liquid crystal phase is well-known and has been
studied earlier in simulations,4,5 the same for diffusion of
tagged spheres has not been investigated, to the best of our
knowledge. This is not only of theoretical interest, but has
been studied recently in experiments as well.15
The simulations have revealed two results which are of
considerable interest. First, the diffusion becomes anisotropic
very close to the I-N transition. This is because it is only
very near the transition that the order parameter has a sig-
nificant nonzero value. Second, the anisotropy in particular
and diffusion in general show a very strong sphere size de-
pendence. This can be seen most clearly in Figs. 2 and 3
where the smallest size solute ~radius50.5! shows a signifi-
cant anisotropy near the transition, but the least anisotropy in
the nematic phase. The largest size solute ~radius51.5!
shows different behavior. Here the solute shows detectable
anisotropic diffusion before the transition ~at the reduced
density 0.30! which becomes larger in the nematic phase
~Fig. 2!. Another result of some importance is the rate of
approach of the diffusion to zero which seems to follow a
power law behavior. While the fitting performed here should
not be taken too seriously, the value of the density where the
diffusion goes to zero is found to be 0.327 which appears to
agree with the theoretical result20 that the system would have
faced a criticality if the weakly first order phase transition
did not intervene. This criticality is the divergence of the
orientational correlation structure factor, S220(k). The analy-
sis of the orientation of the ellipsoids near the surface of the
sphere shows that the orientation of some of the ellipsoids
get perturbed but still on an average, the LC order is main-
tained.
We have presented a mode coupling theory analysis
which demonstrates that the translational diffusion of spheres
is correlated with the collective rotational dynamics of the
nematogens. Analysis also shows that if there is any singular
behavior in the density or temperature dependence of the
translational diffusion of tagged spheres, then it must come
from the rotational diffusion. We have presented a mode cou-
pling theory analysis of the latter which shows that there
could be a weak singularity superimposed on the normal
density dependence. This seems to be borne out by the non-
linear fitting discussed above. The evidence is not conclusive
and needs to be studied in much greater detail.
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